[I. Analytic methods in complex algebraic geometry

To continue discussing the question “what is complex
algebraic geometry?” we will illustrate how analytic methods
(PDEs and differential geometry) lead to what remain as some
of the deepest results in the subject. Our emphasis will be on
existence and uniqueness theorems, and the techniques
illustrated will be restricted to complex dimension 1 but they
will extend to the general case. At the end we will return to
the integrals of algebraic functions and add a new ingredient.
The types of questions to be considered are

» Given a compact Riemann surface (to be defined) and
points py,..., pg on C, does there exist a meromorphic
function w on C having poles on the p;? How many such
functions are there?
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Remark that a meromorphic function will be the same as a
holomorphic mapping

w:C— P!

from the Riemann surface C to the Riemann surface P! (=
Riemann sphere).

» Can we construct meromorphic differentials ¢ on C with
poles on the p; and given residues, subject only to the
constraint imposed by the residue theorem

=07
> p Resp = 0
These are existence results that require analysis to address.
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Riemann sphere CU {co}

00
Up =P\{0} =C, z
U =PN\{0} =C, Z
Z uO N uoo = C*, zZ = L

z

Linear fractional transformations
z — (az+ b)/(cz + d)

where det (2 2) £ 0 act transitively on P1. Then (93) sends
0 — oo.

7.
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(i) function w on open set is holomorphic or meromorphic if
w(z) is holomorphic/meromorphic in the usual sense

(ii) any global holomorphic function is constant (maximum
principle — will give another proof below)

(iii) if w(z) is meromorphic on P! then
# zeroes = # poles

Will also recall the proof later.

(iv) there exists w(z) with given zeroes and poles if # zeroes
= # poles

Proof of (iv): w(z) = % and Z m; = Z n;.
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(v) w meromorphic on P!

|

w is rational function

(can work analytically and results will have
algebro-geometric meaning)

(vi) ¢ = w(z) dz is holomorphic or meromorphic if w(z) is.

The integral f7 ¢ is well defined for v = path in P! not

containing any pole of .

This may be refined to v not containing any point p with
Resp ¢ # 0. Moreover, The integral above will be invariant
under continuous deformation of the contour ~ provided the
deformation does not cross a point p with Res, ¢ # 0.
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Example

Forz= 2, dz = —%. For w(z) = >_"_, a:z' polynomial

» w(z) has pole of order n at co
» w(z) dz has pole of order n+ 2 at co.

(vii) Resp o = 5= § o,

27i

ZRespgozo

This implies (i) where ¢ = 42

Example

p=%=_—% — Resop+ Resyp=0

6
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Proof of (vii):

(ix) there exist a (unique) ¢ with given poles and residues
< > ,Res,p=0



Proof: May assume all z; € C C P!. Then

i d.
Zza—; :_Z( 1—zz, )dz'

d /
= — (Z a,-) —Z/ + holomorphic differential near 2/ =0
z

(x) any meromorphic differential ¢ is

80:(,0/"’_@,/

poles residues
z
— / ©= Z ajlog(z — z;) + w(z)
20

= elementary function
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Variant:! Relative algebraic curve (P*; {0, 00})

Picture = @ , require w(0) = w(o0)

There exists w(z) with given zeroes and poles in P\ {0, 0o}
and w(0) = w(oo) <= # zeroes = # poles and

H 3" = H bjj

in preparation for lecture # 4
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General algebraic curves

For P! we can do everything “by hand” using elementary
complex analysis. Don’t need PDEs, differential geometry,
Hodge theory,.... To understand C corresponding to

we=p(z), w=+vp)

0 gl
@5\1\/_

the issue is much more subtle and interesting. For example,
(v), (ix) become
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(vc) there exist a non-constant meromorphic function w on C
with poles at any distinct points py,...,ps if d = g+ 1.
For general p; this is the best possible and if d = g + 1
the function is unique up to scaling.

(ixc) there exists ¢ with given residues <= > Res¢ = 0.
This ¢ is unique up to ¢ + w where w € H(C) has
[ w < oo (recall that A°(C) = dim HX°(C) = g)
Results such as these provide the beginnings of

» the Riemann-Roch theorem (dimensions of space of
functions in (v.))

» classification of algebraic curves (moduli; # parameters of
Cisequaltolfor g =1 and to 3g — 3 for g = 2)

» Hodge structures and mixed Hodge structures
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To prove them requires analysis in the PDE sense, specifically
the study on C of the inhomogeneous Cauchy-Riemann
equations

ow = ¢

where w = w(z,Zz) and ¢ = v(z,Z) dz are C* in the
variables x = %(Z +Z)and y = 2l(z Z) and

0: = (0, — i0,).

Then for w = u + iv

Oxu = —0yv

Osw =0 <
{Q,u = 0yv

are usual Cauchy-Riemann equations.
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We note that for
7z =f(2)

holomorphic we have the chain rule which we write as

= =

ff0=20

(The notations we will use for complex analysis are collected in
the appendix to these notes.) Thus to do analysis on an
algebraic curve C we need that

(i) C locally looks like an open set in C

(ii) any two such local representations are related by a
holomorphic change of variables.
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Think of P! and Ug, Us,. For our C given by w? = p(z)

+ @D -
any open set not containing a branch point looks like an open
set in C; all we have done is locally choose one branch of

p(z).
At a branch point, say z =0

W= 2q(2),  q(0) £0.
We can take 1/q(z) and for

write the equation as
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The mapping
t — (t,t)
T

z w

gives an isomorphism between an open set in C and an open
set in C. The real picture is
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Construction of global meromorphic functions

Given pi,...,pq € C we want to construct w : C — P! with
wH(00) = py+ -+ + pa

® e = ®

ul u2

=1 near p;
» pi=C®finlU; P
~ =0on 8u,

L\
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i defn 501
P=Ya(2) T
= C*(0,1) formon C.
If we can solve

(%) dg=yp, g=Cf"onC

then
5 Pi o
8<g Zz—z,-)_o'

Theorem

Ifd =2 g + 1 we can solve (x).

Curvature enters in the proof, which will be given later. We
begin with some illustrations of different types of analytic
arguments.
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A global holomorphic function on C is constant:

» 1-form ¢ = udx+vdy
=Udz+V dz
» differential of a function dw = w, dx +w, dy
=w,dz+ws;dz
» exterior derivative of 1-form?
do = (0,v — Ocu) dx A dy
=(V,—U;)dzAdZ
» Stokes' theorem [, ¢ = [[, dp, if ¢ is C* in U.

Proof that a global holomorphic function is
constant: dw = dw and w holomorphic —-

(i/2)//dw/\dvT/:(i/2)/ |w,|? dz A dz

where we are using U = C in the integral.
2Use Liebuitz plus o A B = —3 A a for 1-forms a, 3.
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Note (//2) dz AdzZ = dx Ady > 0. But by Stokes’ theorem
and 0C =0

Residue Theorem
> Res,p=0
Proof: Same as for P! using the picture

® holomorphic
here
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Where does the “g” come fromind =2 g+ 17

Suppose we want w such that
a;

w =
zZ — Z

near p;. For p € HY9(C) = C#

(+) 3 Resy (wi) = 0

gives g equations on ag, ..., ay4. Suggests we need d = g+ 1
to have a non-zero solution.

Theorem

(xx) gives necessary and sufficient conditions to have a
w: C — P! as above.

We will prove this below.
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Construction of meromorphic differentials
Want ¢ so that near p;

aj; dz

(p:
zZ — Zj

Consider as before

90, _ Zpizai_d;

]

_ — ajdz
d):é?go'zzap,-/\z_Zi.
If B
®=0n
where 7 is C*(1,0) form locally looking like
u(z,z)dz

for u(z,z) a C* function,
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then
p=¢ —n
solves the problem.

Now & is a global C* 2-form

& = H(z,2)(i/2)dzNdZ
= H(x,y)dxAdy.

By Stokes’ theorem
® = lim // dn = a;.
//c =0 c—uni(e) Z,:
So we need

If & = global C> 2-form on C with [[ ® =0, then
¢ = 57}.
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Here is the argument:
» AP9 = global C*(p, q) forms
» AP0 = A% — global C* functions

> A0 @ AL C
w w
u®®——: [[ud

. A0l g ALO C
w w
a®p JJanp

are non-degenerate pairings and
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o

> AO AO,l
Al 0 Al 1
> A
A01x %0 0w

are dual. This gives®
coker 9 = coker 8, = (ker ).

We need to make the AP9 into topological vector spaces such
that 0y and 0; are continuous with closed range; this is the
analysis step. Then

= AbL
ker@OEJC://_—%C O
D1 ALO

3Dual of a subspace S of a vector space V is isomorphic to the
quotient V* /St of the dual of V.
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»D=p+--+psd=1
. Hl’O(C, D) defin meromorphic differentials
with poles at the p;
A similar argument using ker{d, : A°(—D) — A%}(—D)} =0
gives
dimH(C,D)=d +g—1
which is the result about meromorphic differentials with given
residues.
This result is a special case of the Riemann-Roch theorem.
The argument contains a special case of the Kodaira vanishing
theorem: Given
v = AY(D)
where locally V = w(z,2)dzAdZ [z — z
— V=0n

where locally n = v(z,2) dz /z — z.
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Back to the proof that for d = g + 1 there exists
w: C— P!

with w™(c0) = p1 + - -+ + pg. The above argument for

ALO ALl
I 2
(A%)" —— (A%
and
ker 0, = H°(C) has dimension g
gives

(%) dim(A%! /9, A%) = g

26
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As before consider

_ a;
= i ’ Ao’l.
n 8(2,02_2’_) €

By (*) there are g conditions on the a; that there exist u € A°

n = du.

For d 2 g + 1 we have such a u, and then

E(Zpizi—ia—u) =0

w

—> w gives our desired function. O]



Moral

Global existence comes by solving 0-equations.

[e)
How does curvature enter?

Will not get in formalism of vector bundles, metrics,
connection and curvature matrices. Will use singular metrics
and their curvatures in an intuitive way considered as
distributions.

» Metric on a Riemann surface is locally

ds® = h dz®dz,  h>0,

Area form is
& =h(i/2)dzNdZ.

Gauss curvature is

(i/2)00log h = Ko.
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Gauss-Bonnet is

%//CKQJ:X(C):Q—Qg.

Example
On P! ir o d
Iz z
ds’> = ————
(1+[z?)?
Then K =1 and area = 4r.
@)

In general curvatures are computed as the (1,1) form
00 log h(z, Z)

where h > 0 is C*>. Very useful also is the use of singular
metrics, where h 2 0 and log h is in L! but may have the value
—00.
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Here the basic formula is (leaving out some constants)
ddlog|z — zy| = g dz A dZ.

This means that for any w € C2°(C)

(0) // l0g |2 — 20|80 (z, 7) = w(z)

Idea:

On C\A((z),

— dz dz
ddlog|z — 2 =0 (Z—ZZO) =d (Z —ZZO> =0.
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Then LHS of (§) = limeo [Jo\a (z)(**) which using Stokes’
theorem and polar coordinates leads to

)= /aAf(zo w(z.2) (z i;)

= lim y{ w (2o + €e”) df = w(z).

—0

(@)

For D = pg+ -+ pqg (\05 there is a line bundle

O(D) whose sections over an open set U are the meromorphic
functions with poles at the p; € U.* We define a singular

metric by
lw||* = Jw(z)]?.

4We will not define line bundles, but will only say what their sections
over open sets are.
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If we change w(z) — w(z)u(z) where u(z) # 0 then
lwul|* = [w(2)]*|u(2) .

Using 00 log |u(z)|> = 0 the curvature is well defined and is

equal to

(i/2)00log ||w|> =)~ 6,,((i/2)dz A d2)

Conclusion: As d increases the curvature in O(D) becomes
more positive and O(D) has more global sections, these being
global meromorphic functions on C with poles on D. A central
theme in complex algebraic geometry is
positivity of curvature —> existence of global
holomorphic objects.

Note: The Gauss-Bonnet for O(D) is (up to constants)

// (curvature of O(D)) =degD = d.
c
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The Abel-Jacobi map revisited
» Recall the Abel-Jacobi map

AJ: C = J(C)
defined by
pz w1
Alp)=| : | ece/n
p
po Vg
where w1, ..., w, are a basis for H*°(C). This is

extended to
AJ: C9 — J(O)

by setting for D = p; + - - + pg
AJ(D) = Z AJ(p;) (Abelian sum)
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Claim

HY(C,C) = HY(C) @ HLO(C)
Il I
Hom(H,(C, Z),C) HO1(C)

Sketch of proof:

» from topology we know cup-product in cohomology is
dual to intersection product in homology

> intersection matrix of standard basis {¢;,7;} of Hi(C,Z)

is
0 |/
=Q
» cup product in cohomology is

auﬁ:/ca/\ﬁ

34 /40



» using w; A wj = 0 = &; A @j the cup product matrix for
Wi is

0 H
s H,J:/w,-/\wj:—/wj/\w,-
—'H 0 c c

» (i/2)H is a positive definite Hermitian matrix: For
w=h(z)dz

(i/2) /w/\w—/|h (i/2) dz A\ dz

Q: H/wk,/wkH :(A,B)
di Vi

then duality between cup product and intersection pairing
gives

» recall
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_ 0 H
Qe =

I
—t*BA + tAB
—> A non-singular

» then may choose basis w; to have A = [ which gives
normalized period matrix for H*°(C)

Q=(l,2)
Z=tZ,ImZ>0

» period matrix for H2°(C) @ H19(C) is

I Z . .
— | = non-singular matrix
I Z

O

36
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Riemann theta function: For w € C&

O(w,Z) = Z exp (27ri <%thm + th))

meZ®

v

entire analytic function on C&°
Ow+ a+2Zb )=embY(w,Z)
——

v

v

general vector in A
where a,bcZ&

6(w, Z) = 0 defines a hypersurface © C J(C)
Riemann theorem: © = AJ(C(e~Y).

Torelli theorem: Can reconstruct C from its period
matrix.

For g =2, AJ(C) = ©.

This is the beginning of how Hodge theory may be used to
study the geometry of algebraic curves

v

vy

A

T _ 2
5Sum is like 3=,z e~ lIMI7
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Appendix: Notations from complex function theory

» z = x + iy will denote points in open sets in C
differentials (things you integrate)

>
dz = dx+idy
dz =dx—idy
then
dx = 3(dz + dz)
dy = 2(dz — dz)
» multiplication rule is a A f = —f A « for 1-forms «,
» area form is
dxNdy = (i/2)dzNdz
» complex plane is oriented

g
x ,(i/2)dzndz >0
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N 0, = %( —idy)
0: = (0« +i9,)
— 0,05 = %(82 + 82) = —A where A = Laplacian
» dw(x,y)=(0xw) dx +(0,w) dy
[l
dw(z,z)=(0,w) dz + (9;w) dz
—_— Y——
= ow + Ow

— w holomorphic <= J;w =0
Cauchy-Riemann
s 5 w=0 equations

» meromorphic w(z) has Laurent series around z =0

00
= E a,-z'

i=—n
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» meromorphic differential

¢ =w(z)dz
has residue )
Resgp:a_lz—,§£g0
27

» residue theorem
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